The goal of this paper is to study the case of a boundary condition on the outflow part of boundary from a radial blade machine. This mathematical model comes from a study of Kaplan's or Francis's turbine. We discuss the boundary condition and formulate the appropriate boundary value problem and we will formulate the theorem on existence of a weak solution.
Introduction and geometry of the problem
The mathematical model we consider here comes from a nonsteady flow of an incompressible fluid through a special type of blade machine, the type of Kaplan's or Francis's turbine. Instead of the spatial periodicity expected in the model of cascade of profiles for a conventional turbine here the geometry is different. In simplified model we can formulate the domain as an area between two concentric circles. Where we expect the fluid to enter the domain through the outer circle and leave the domain through the inner circle. The blades of the machine are placed in regular fashion in the area between the circles. (See Fig 1) .
For channel flow and also for the domain of one spatial period of cascade of profiles is the question of appropriate boundary conditions on various parts, especially on the outflow part of boundary extensively studied. The existence of a weak solution of the Navier-Stokes equations in time independent domain, with homogenous and basic nonhomogenous boundary condition, is studied for example in book [9] . The condition that naturally arises from the weak formulation, so called natural or "do-nothing" boundary condition and is studied e.g. in [10] or [12] , does not lead to the existence of a weak solution as this condition does not deal with the possible reverse or backward flow. That means we cant control the amount of kinetic energy brought back into the flow field. The more complicated, nonlinear, version of the natural boundary condition was introduced in [1] . With this condition it is possible to show the existence of a weak solution, see e.g. [6] , [7] , [8] , but only with some restriction on the inflow. Further generalization of the condition can be find in [14] or in [2] where the existence of a weak solution is proved in general case in respect to the inflow.
The flow of a viscous incompressible fluid through the rotating radial turbine is described by the Navier-Stokes equations, appropriately transformed to rotating coordinates. The form of these equations is well known, see e.g. [11] , [3] , [4] , [5] . We use the two-dimensional version of the transformed equation. The considered boundary condition on the inflow and on the turbine blades is of the Dirichlet type. Dirichlet's boundary condition, however, is not convenient on the outflow because the velocity profile on the outflow is not known in advance. The existence with a nonlinear boundary condition with limited inflow was studied in [13] . The goal of this paper is to derive boundary condition on the outflow which will need no estimate on the inflow velocity profile.
The main result is the theorem on the existence of a weak solution. The considered boundary value problem differs from other often used formulations by the special geometry of the domain, by additional terms in the Navier-Stokes equations which come from the transformation to the rotating coordinates and by the choice of the boundary conditions, especially on the outflow.
Remark:
The radial (Kaplan, Francis) turbine is in reality a 3D object. While the flow in the domain Ω around the blades can be considered to be two-dimensional, the flow inside the smaller TOPICAL PROBLEMS OF FLUID MECHANICS 235 _______________________________________________________________________ DOI: https://doi.org/10.14311/TPFM.2017.030 circle rapidly changes the direction into the third dimension and therefore it cannot be modelled as a 2D flow. The flow inside the smaller circle is not considered in the model described and studied in this paper.
The domain Ω t is a 2D annulus between two concentric circles, without the space occupied by the blades of the turbine -see Fig. 1 . The outside circle denoted as Γ i is the considered inflow part of the boundary and the inside circle Γ o is the supposed outflow from the domain. The subscript t expresses that Ω t is time-varying due to the rotation of the turbine. 
Transformation to the rotating coordinates
We suppose that the considered radial turbine rotates about its center with the angular velocity ω. Thus, from the point of view of an outside observer, domain Ω t is changing in time. To obtain a problem in a time-independent domain, we transform the mathematical problem to the coordinates x = (x 1 , x 2 ), whose origin is in the center of the turbine and which are connected with the rotating turbine. If the original Cartesian coordinate system is x = (x 1 , x 2 ) (with the origin in the center of the turbine) then the transformation is
If we denote by u = (u 1 , u 2 ) (respectively u = (u 1 , u 2 )) the velocity in the fixed coordinate system x (respectively the rotating coordinate system x ) then the relations between u and u are
It is known that the Navier-Stokes equation
Prague, February 15-17, 2017 _______________________________________________________________________ transformed to the rotating frame, has the form
see e.g. [11] , [3] , [4] . Here, we denote by ∇ , respectively ∆ , the operators acting in the coordinate system x . The superscript ⊥ means the perpendicular vector, i.e. x ⊥ = (x 1 , x 2 ) ⊥ = (−x 2 , x 1 ). The continuity equation div u = 0 transforms to div u = 0. These equations are now considered in domain Ω , which is the set of x of the form x = R(t)x for x ∈ Ω t . Domain Ω is independent on time.
In what follows, we will deal only with the quantities in the rotating frame x . In order to simplify the notation, we further omit writing the primes. Moreover, since we are interested in the steady problem (in the rotating frame), we omit the time derivative of velocity. Then, the system of equations becomes
The velocity on the surface of the blades should copy, because of the no-slip boundary condition, the local velocity of the blade, which equals ω x ⊥ . Thus we get the boundary condition
We assume that the prescribed velocity profile on the inflow part of boundary Γ i is known. Due to technical reasons, we denote the given velocity on Γ i by g + ω x ⊥ . Thus, we get
We apply the new type of nonlinear "do-nothing" or "natural" boundary condition on the outflow part of boundary Γ o in the form
Here, n denotes the unit outer normal vector to ∂Ω. − u (suggested in [1] ) is nonzero only in the case of backward flows on Γ o and its variant with ξ enables us to derive an estimate, which we later need in order to prove the existence and convergence of Galerkin approximations. The next term
− ω x ⊥ on the left hand side of equation (5) is added due to the rotation of the turbine. It enables us to formulate a relatively simple corresponding "weak problem". On the other hand, condition (5) "naturally" follows from the "weak problem" in the rotating frame, assuming that the weak solution is sufficiently smooth and applying the backward integration by parts. Parameter ξ is supposed to be positive and its use is to prove estimates for arbitrary large inflow.
The following lemma gives the information on the existence of an extension of the function g from Γ i to Ω that is needed.
There exists a constant c 1 > 0 and a divergence-free extension g * ∈ W 1,2 (Ω) 2 of the function g from Γ i into Ω such that g * = 0 on Γ w and g * 1,2;Ω ≤ c 1 g 1/2,2; Γi (6) where the constant c 1 is independent of g.
The Lemma follows from [6] . Since the function g * is divergence-free, it cannot be generally equal to zero everywhere on Γ o .
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We develop the solution u of the problem (1)- (5) in the form
where v is a new unknown function. Substituting to (1)- (5), we obtain this classical formulation of the considered boundary value problem:
−ν ∂v ∂n
where
Here the term 2ωv ⊥ in equation (8) represents the Coriolis force and the term ω 2 x in the function h expresses the centrifugal force. One can expect that the third term in (11) should have the form [(g
3 Weak formulation of the problem (8)- (11) We will use the function space V := v ∈ W 1,2 (Ω) 2 ; div v = 0 a.e. in Ω, v = 0 on Γ i ∪ Γ w with the corresponding norm
If we formally multiply equation (8) by an arbitrary test function w = (w 1 , w 2 ) ∈ V , integrate in Ω, apply integration by parts and use conditions (9)- (11), we obtain
The weak solution to the problem (8)- (11) is a function v ∈ V , satisfying equation (12) for all test functions w ∈ V . In order to prove the existence of a weak solution, we construct a sequence of approximations, derive their estimates and apply the method of compactness to show that there is a subsequence, whose limit is a weak solution. Especially the derivation of the estimates is not trivial due to the same reasons as in the case of the steady Navier-Stokes problem with inhomogeneous Dirichlet boundary conditions in a multiply connected domain. We obtain the theorem:
Theorem . Let ω ∈ R and let g ∈ W 1/2,2 (∂Ω) 2 . Then there exists a weak solution to the problem (8)- (11) .
The main goal of this paper is to show the possibility to construct a sequence of approximations, and the proof of the convergence to a weak solution of the problem (1) − −(5), for a domain of more complicated shape with special type of boundary conditions. This differs from the usually considered domain with the same boundary condition on the whole boundary. Here especially the boundary condition on the outflow can be a source of problems in the correspondence to the size of the inflow. The main result is in Theorem which is significant as it imposes no restrictions on the size of the velocity on the inflow.
